SISSA 09/2009/EP 



The Cabibbo Angle in a Supersymmetric D14 Model 



A. Blum"' and C. Hagedorn'"''' I 

° Max- Planck- Institut fiir Kernphysik 
Postfach 10 39 80, 69029 Heidelberg, Germany 
^ Scuola Internazionale Superiore di Studi Avanzati (SISSA) 
via Beirut 4-, 1-34014 Trieste, Italy 
and 

INFN, Sezione di Trieste, Italy 



Abstract 

We construct a supersymmetric model with the flavor symmetry Dn in which the CKM matrix 
element \Vud\ can take the value \Vud\ — cos (j^) ~ 0.97493 implying that the Cabibbo angle 
9c is sin{9c) ~ \Vus\ ~ sin (j^) « 0.2225. These values are very close to those observed in 
experiments. The value of \Vud\ (dc) is based on the fact that different Z2 subgroups of D14 
are conserved in the up and down quark sector. In order to achieve this, D14 is accompanied 
by a Z3 symmetry. The spontaneous breaking of Du is induced by flavons, which are scalar 
gauge singlets. The quark mass hierarchy is partly due to the flavor group D14 and partly due 
to a Froggatt-Nielsen symmetry U{1)fn under which only the right-handed quarks transform. 
The model is completely natural in the sense that the hierarchies among the quark masses and 
mixing angles are generated with the help of symmetries. The issue of the vacuum alignment 
of the flavons is solved up to a small number of degeneracies, leaving four different possible 
values for \Vud\- Out of these, only one of them leads to a phenomenological viable model. A 
study of the Z2 subgroup breaking terms shows that the results achieved in the symmetry limit 
are only slightly perturbed. At the same time they allow \Vud\ {9c) to be well inside the small 
experimental error bars. 
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1 Introduction 



The explanation of the hierarchy among the charged fermion masses and of the pecuhar fermion 
mixings, especiahy in the lepton sector, is one of the main issues in the field of model building. 
The prime candidate for the origin of fermion mass hierarchies and mixing patterns seems to be 
a flavor symmetry under which the three generations of Standard Model (SM) particles transform 
in a certain way. Unlike the majority of studies which concentrate on the leptonic sector we 
propose a dihedral group 0, D14, as flavor symmetry to predict the CKM matrix element iKidl or 
equivalently the Cabibbo angle 9c ■ The crucial aspect in this model is the fact that \Vud\ is given 
in terms of group theoretical quantities, like the index n of the dihedral group Z)„, the index j of 
the representation 2j under which two of the generations of the (left-handed) quarks transform and 
the indices m^^d of the subgroups which remain unbroken in the up, Z2 = (BA™"), and the down 
quark sector, Z2 = (BA'"'*). Thereby, A and B are the two generators of the dihedral group. The 
general formula for \ Vud\ is [2-4] 



\Vud 



TT {niu - md)i 

cos " 



n 



(1) 



In particular, the Cabibbo angle neither depends on arbitrarily tunable numbers, nor is it connected 
to the quark masses as is the case for the Gatto-Sartori-Tonin (GST) relation [5], sin (Oc) ~ \ Vus\ 



\J md/ms- The only dependence arises through the fact that the ordering of the mass eigenvalues 
determines which element in the CKM mixing matrix is fixed by the group theoretical quantities. 
However, since the hierarchy among the quark masses is also naturally accommodated in our model, 
partly by the flavor group I?i4 itself and partly by an additional Proggatt-Nielsen (FN) symmetry 
U{'i)FN [6], this sort of arbitrariness in the determination of the Cabibbo angle is avoided. H 

In this paper we consider as framework the Minimal Supersymmetric SM (MSSM). The con- 
struction used in our model is in several aspects analogous to the one used in [7] to generate 
tri-bimaximal mixing in the lepton sector with the help of the group A/^. The flavor group is bro- 
ken at high energies through vacuum expectation values (VEVs) of gauge singlets, the flavons. The 
prediction of the actual value of the mixing angle originates from the fact that different subgroups 
of the flavor symmetry are conserved in different sectors (up and down quark sector) of the theory. 
The separation of these sectors can be maintained by an additional cyclic symmetry, which is Z3 
in our case. The other crucial aspect for preserving different subgroups is the achievement of a 
certain vacuum alignment. As in [7], an appropriate flavon superpotential can be constructed by 
introducing a U{l)ii symmetry and adding a specific set of scalar fields, the driving fields, whose 
i^-terms are responsible for aligning the flavon VEVs. As we show, the vacuum can be aligned such 
that in the up quark sector a Z2 symmetry with an even index is preserved, whereas in the 
down quark sector the residual Z2 symmetry is generated by BA"*'' with being an odd integer. 
Thus, two different Z2 groups are maintained in the sectors. We can set m„ = without loss of 
generality. However, we are unable to predict the exact value of such that our model leads to 
four possible scenarios with four different possible values of \ Vud\- Out of these scenarios only one, 
namely rud = 1 or rud = 13, results in a phenomenologically viable value of \Vud\ (and 9c) 

\Vud\ = cos K, 0.97493 and sin (%) ~ |Ks| ~ sin k, 0.2225 . (2) 



^Dihedral symmetries have already been frequently used as flavor symmetries, see [f]. 

^This cannot, for example, be avoided in the A4, models [7], which successfully predict tri-bimaximal mixing in 
the lepton sector, since the hierarchy among the light neutrinos, which determines the ordering of the columns in the 
lepton mixing matrix, is very mild. Actually, a certain fine-tuning is necessary to achieve that the atmospheric mass 
squared difference is larger than the solar one. 
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Similar to [7], subleading corrections to masses and mixings arise from higher-dimensional operators. 
In general they are at most of relative order e « ~ 0.04, so that Eq.(l2|) holds within ±0.04. 

The model presented here surpasses the non-supersymmetric one constructed in [4] in several 
ways. Since the flavor symmetry is broken only spontaneously at the electroweak scale in the latter 
model, it contains several copies of the SM Higgs doublet. In contrast to this, the model which 
we discuss in the following possesses the two MSSM Higgs doublets and hd, which are neutral 
under the flavor group, and gauge singlets, the flavons and driving fields, which transform under 
flavor. The flavons are responsible for breaking the flavor symmetry. As a consequence, none of 
the problems usually present in models with an extended Higgs doublet sector, such as too low 
Higgs masses and large flavor changing neutral currents, is encountered here. Additionally, the 
problem of the vacuum alignment, which determines the value of the Cabibbo angle, is solved, up 
to a small number of degeneracies. This is impossible in the case of a multi-Higgs doublet model 
due to the large number of quartic couplings. Only a numerical fit can show that (at least) one 
set of parameters exists which leads to the desired vacuum structure. Finally, the breaking of the 
flavor group at high energies is also advantageous, because then domain walls generated through 
this breaking [8] might well be diluted in an inflationary era. 

In the class of models [7] which extends the flavor group A4, being successful in predicting 
tri-bimaximal mixing for the leptons, to the quark sector one usually observes that the Cabibbo 
angle 6c = X ^ 0.22 produced is generically only of the order of e « and thus too small by a 
factor of four to five. □ This observation might indicate that it is not possible to treat the Cabibbo 
angle only as a small perturbation in this class of models. 

The paper is organized as follows: in Section [2] we repeat the necessary group theory of -014 and 
the properties of the subgroups relevant here. Section [3] contains an outline of the model in which 
the transformation properties of all particles under the flavor group are given. The quark masses 
and mixings, in the limit of conserved Z2 subgroups in up and down quark sector, are presented in 
Section m In Section [H corrections to the quark mass matrices are studied in detail and the results 
of Section [Hare shown to be only slightly changed. The flavon superpotential is discussed in Section 
m We summarize our results and give a short outlook in Section [71 Details of the group theory 
of Di4 such as Kronecker products and Clebsch Gordan coefficients can be found in Appendix [XI 
In Appendix [B] the corrections to the flavon superpotential and the shifts of the flavon VEVs are 
given. 



2 Group Theory of D14 



A 



14 



1 



1 



ABA = B . 



In this section we briefly review the basic features of the dihedral group -D14. Its order is 28, and 
it has four one-dimensional irreducible representations which we denote as Ij, i = 1, 4 and six 
two-dimensional ones called 2-, j = 1,...,6. All of them are real and the representations 2- with 
an odd index j are faithful. The group is generated by the two elements A and B which fulfill the 
relations [10] 

(3) 

(4a) 
(4b) 
(4c) 
(4d) 



The generators A and B of the one-dimensional representations read 
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This also happens in a recently proposed model using the flavor group 54 [9] . 
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For the representation 2j they are two-by-two matrices of the form 

, ( e(T)i \ „ / 1 \ 

Note that we have chosen A to be complex, although all representations of D14 are real. Due to 
this, we find for (01,02)^ forming the doublet 2j that the combination {a2,a^)^ transforms as 2j 

rather than (0^,02)"^- The Kronecker products and Clebsch Gordan coefficients can be found in 
Appendix [A] and can also be deduced from the general formulae given in [2, 11]. 

Since we derive the value of the element \Vud\ (the Cabibbo angle 9c), through a non-trivial 
breaking of D14 in the up and down quark sector, we briefly comment on the relevant type of Z2 
subgroups of -D14. These Z2 groups are generated by an element of the form DA*" for m being an 
integer between and 13. With the help of Eq.© one easily sees that (BA™)^ = BA™B A"" = 
g^m-ig^m-i _ _ g2 _ Pqj. ^ being even, singlets transforming as 1^3 are allowed to 
have a non-vanishing VEV, whereas m being odd only allows a non-trivial VEV for singlets which 
transform as I4 under D14. Clearly, all singlets transforming in the trivial representation 1^ of 
-D14 are allowed to have a non-vanishing VEV. Note that however the fields in the representation 
I2 cire not allowed a non- vanishing VEV, since BA™ = — 1 for all possible values of m. In the case 
of two fields ipi^2 which form a doublet 2j a Z2 group generated by BA*" is preserved, if 

^^'^ ^ oc ^ . (6) 



In order to see this note that the vector given in Eq. ([6]) is an eigenvector of the two- by- two matrix 
B A™ to the eigenvalue +1. Due to the fact that singlets transforming as I3 can only preserve Z2 
subgroups generated by B A™ with m even and singlets in I4 only those with m odd, it is possible 
to ensure that the Z2 subgroup conserved in the up quark is different from the one in the down 
quark sector. Note that for this purpose the dihedral group has to have an even index, since only 
then the representations 13^4 are present [2]. So, it is not possible to choose as flavor symmetry, 
as it has been done in [3,4], to predict 6c-, if distinct values of m in the up quark and down quark 
sector are supposed to be guaranteed by the choice of representations. One can check that the 
subgroup preserved by VEVs of the form given in Eq.© cannot be larger than Z2, if the index j of 
the representation 2j is odd, i.e. the representation is faithful. For an even index j the subgroup is 

a D2 group generated by the two elements A^ and BA™ with m being an integer between and 6. 
Obviously, in the case that only flavons residing in representations i = 1, 4, acquire a VEV 
the conserved subgroup is also generally larger than only Z2. 



3 Outline of the Model 

In our model the left-handed quarks Qi and Q2 are unified into the Du doublet 2^, denoted by 
Qd, while the third generation of left-handed quarks Q3, the right-handed up-type quark t^, and 
the right-handed down-type quark s^, transform trivially under Z)i4, i.e. as 1^. The remaining 
two generations of right-handed fields, i.e. and in the up quark and dP and b'^ in the down 

^In general, for fields in representations 2j, whose index j has a greatest common divisor with the group index 
n larger than one, the preserved subgroup is larger than a Z2 symmetry. In the case under consideration, namely 
n = 14, this statement is equivalent to the statement that the preserved subgroup is larger than Z2, if the index j of 
the representation 2: is even. We note that there is a mistake in the first version of [2] concerning this aspect. 
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Table 1: Particle content of the model. Here we display the transformation properties of fermions and 
scalars under the flavor group D14 x Z3 x U{1)fn- The symmetry Zg separates the up and down quark 
sector. The left-handed quark doublets are denoted by Qd ~ (Qi,Q2) , Qi ~ {u,d) , Q2 = (c, s) , 
Q3 = {t,b)^ and the right-handed quarks by u'^, c'^, t'^ and d'^, s*^, V^. The flavon fields indexed by a u give 
masses to the up quarks only, at lowest order. Similarly, the fields which carry an index d (including the 
field cr) couple only to down quarks at this order. We assume the existence of a field 9 which is a gauge 
singlet transforming trivially under D14 x Z3. It is responsible for the breaking of the U{1)fn symmetry. 
Without loss of generality its charge under U{1)fn can be chosen as —1. Note that ui is the third root of 
unity, I.e. = e a . 

quark sector, are assigned to the one-dimensional representations 1^3 and X4- El The MSSM Higgs 
doublets hu and do not transform under D14. Therefore, we need to introduce gauge singlets, 
flavons, to form Di4-invariant Yukawa couplings. These flavons transform according to the singlets 
11; iSj i4 ^'^'^ doublets 2]^, 22 and 24. All Yukawa operators involving flavon fields are 
non-renormalizable and suppressed by (powers of) the cutoff scale A which is expected to be of 
the order of the scale of grand unification or the Planck scale. Additionally, we have to introduce 
a symmetry which allows us to separate the up and down quark sector. The minimal choice of 
such a symmetry in this setup is a Z3 group. We assign a trivial Z3 charge to left-handed quarks, 
right-handed up quarks and to the flavon fields "012' Xi2' ^12 ^"^^ V^: which ought to couple 
dominantly to up quarks. The right-handed down quarks transform as uj under with w = e~. 
The flavon fields ■0i2i Xi2' '^12' V'^ ^^^d a, mainly responsible for down quark masses, acquire a 
phase UJ under Z3. The MSSM Higgs fields transform trivially also under the Z3 symmetry. Since 
the right-handed down quarks have charge under Z3, whereas Qd, Q3 and hd are neutral, the 
bottom quark does not acquire a mass at the renormalizable level, unlike the top quark. As a result, 
the hierarchy between the top and bottom quark is explained without large tan /3 = /(/id) . The 
hierarchy between the charm and top quark mass, rric/mt ~ 0(e'^) with e « ~ 0.04, is naturally 
accommodated in our model. To achieve the correct ratio between strange and bottom quark 
mass, ms/rrih ~ C(e)! we apply the FN mechanism. We add the FN field 9 to our model which 
is only charged under U{l)p]y. Without loss of generality we can assume that its charge is -1. 
Note that we distinguish in our discussion between the FN field 9 and the fiavon fields V^i 2' Xi2^ 
^"21 'H^i ^^12' Xi2' ^12' V'^ which transform non-trivially under D14 x Z3. If we assign a 

U{1)fn charge to the right-handed down-type quark s'^, we arrive at ms/mb ~ 0{e). Finally, 
to reproduce the hierarchy between the first generation and the third one, mu/mt ~ C'(e^) and 
nT-d/f^b ~ C?(€'^)) also the right-handed quarks, u'^ and d'^, have to have a non-vanishing U{1)fn 
charge. The transformation properties of the quarks and flavons under D14 x Z^ x U{1)fn are 
summarized in Table [H Given these we can write down the superpotential w which consists of two 
parts 

W = Wq + Wf . (7) 

^The fact that the transformation properties of the right-handed down quark fields are permuted compared to 
those of the right-handed up quark fields is merely due to the desire to arrive at a down quark mass matrix A4d 
which has a large (33) entry, see Eq. pSf) . However, since this is just a permutation of the right-handed fields it is 
neither relevant for quark masses nor for mixings. 
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Wq contains the Yukawa couplings of the quarks and wj the flavon superpotential responsible for 
the vacuum alignment of the flavons. The mass matrices arising from Wq are discussed in Section 
Hland Section O while Wf is studied in Section [6l 

As already explained in the introduction, the prediction of the CKM matrix element \Vud\ or 
equivalently the Cabibbo angle Be is based on the fact that the VEVs of the flavons {"01 2) Xi 2' '^i 2' 
preserve a Z2 subgroup of D14 which is generated by the element BA™'", whereas the VEVs of 
{■01 2> Xi 2> ?i 2' ^"'i coupling dominantly to down quarks keep a Z2 group originating from the 
element BA"*'* conserved with niu 7^ rrid- Due to the fact that ry" transforms as I3 and ry*^ as I4 
under D14 niu has to be an even integer between and 12 and an odd integer between 1 and 13, 
implying the non-equality of and rriii. Since 7^ m^^, it is also evident that D14 is completely 
broken in the whole theory. As mentioned, the separation of the two symmetry-breaking sectors is 
maintained by the Z3 symmetry. However, in terms with more than one flavon in the down and 
more than two flavons in the up quark sector the fields {V^i 2' Xi 2' '^1 2' couple to down quarks 
and {V'l 2'Xi 2)^1 2'^'^'^} to quarks so that this separation of the two sectors is not rigid any- 
more. Similarly, non-renormalizable operators in the flavon superpotential mix the two different 
sectors inducing shifts in the aligned flavon VEVs. This fact is explained in more detail in Section 
[5] and Section [6121 To elucidate the origin of the prediction of \ Vud\ (Gc) we first consider in Section 
mthe mass matrices arising in the case that the two different Z2 subgroups remain unbroken in up 
and down quark sector. Then we turn in Section [5] to the discussion of the mass matrix structures 
including the subgroup non-preserving corrections from multi-flavon insertions and VEV shifts and 
show that the results achieved in the limit of unbroken Z2 subgroups in both sectors still hold, 
especially the prediction of \ Vud\ (Gc) is valid up to 0{e) corrections. 



4 Quark Masses and Mixings in the Subgroup Conserving Case 

As mentioned above, all Yukawa terms containing up to two flavons in the up and one flavon in 
the down quark sector preserve a Z2 group generated by BA"*" and by BA"*'*, respectively. In the 
up quark sector the only renormalizable coupling generates the top quark mass 

Qsfhu. (8) 

Here and in the following we omit order one couplings in front of the operators. The other elements 
of the third column and the (32) element of the up quark mass matrix 7W„ arise at the one-flavon 
level through the terms 

j{QDr)t''K and iQ3(cV)/i«, (9) 

respectively. We denote with (• • • ) the contraction to a D14 invariant. The elements belonging to 
the upper 1 — 2 subblock of are generated at the level of two-flavon insertions 

^{QDU^x'^nhu + ^ (QDu'^iC?) K + ^^.{QDrtu^K , (10) 

^{Qdc'x^'ok + ^ {QDc'ief) K + ^{QDrwc')hu . (11) 

Thereby, the (11) and (21) entries stem from the terms in Eq. pop . while the terms in Eq. (|ll|) are 
responsible for the (12) and (22) elements of Mu- Also the elements of the third column receive 
contributions from two-flavon insertions which, however, can be absorbed into the existing couplings 
(, if we are in the symmetry preserving limit). Therefore, we do not mention these terms explicitly 
here. Only the (31) element of Mu vanishes in the limit of an unbroken Z2 subgroup in the up 
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quark sector, since the existence of the residual symmetry forbids a non-zero VEV for a flavon (a 
combination of flavons) in the D14 representation 1^ for even m^. The VEVs of the fields V'l 2' 
Xi 2 ^-iid 2 > which preserve a Z2 symmetry generated by the element B A™" , are of the form 

!:io-tr).(is)^— (^-7').(io-"-(v ) 

(12) 

together with {rju) 7^ 0. As can be read off from Eq.([T]), only the difference between niu and rud is 
relevant for \ Vud\- Thus, we set ruu = 0. Obviously, the conserved Z2 group in the up quark sector 
is then generated by B. The up quark mass matrix has the generic form 

/ -a^t2g2 ^«g2 \ 
Mu=\ a'lt^e^ afe2 a^e {K) (13) 

V <e yt I 

in the Z2 symmetry limit. The couplings a" and yt are in general complex. The small expansion 
parameters e and t are given by 

(^^^^^,^^^^ (14) 
A A A A A 

where we assume that all flavon VEVs are of the same order of magnitude. This is partly justified 
by the fact that they are correlated by the parameters of the fiavon superpotential, see Eg . (|44|) . 
Additionally, we take t and e to be real and positive and furthermore assume 

t « e w « 0.04 (15) 

in the following. 

We can discuss the down quark mass matrix A^^ in a similar fashion. Taking into account only 
terms with one flavon we can generate apart from the (33) entry of the matrix the elements of the 
second column, 

\Qz{b''r,'')hd , ^ Qz s'ahd and ^ (Qz^V''^) s'hd . (16) 

Actually, the first term is responsible for the (33) entry, while the second one leads to a non- 
vanishing (32) entry and the third one gives the dominant contribution to the (12) and (22) elements 
of A^rf. The flavon VEVs preserving the subgroups generated by BA'" are of the form 

i:i)-tr).(ii)^--(^-r) - {n)-'^('-T 

(17) 

with {r]'^) and (a) being non-zero. Since we already set m„ to zero, we omitted the subscript d of 
the parameter m which has to be an odd integer ranging between 1 and 13. As discussed in Section 
|6l the value of m cannot be uniquely fixed through the superpotential Wf. The form of the down 
quark mass matrix is then 

/ afte \ 

Md=i afe-^^^/^te (hd) . (18) 
\ a^te ybe J 

Again, the couplings af and y^ are complex. The expansion parameter e is given by 

yd d d I d\ I \ 

^'^'^'^'V~e«A2Ri0.04. 19 
A A A A A 
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The assumption that all VEVs are of the same order of magnitude can also be in this case partly 
derived from the flavon superpotential, see Eq. ()47p and Eq. ()48p . Additionally, we assume that e in 
Eq. (jl9p is the same as in Eq. (jl4p . i.e. the VEVs of all flavons are expected to be of the same order 
of magnitude. Eq. fllSp thus also holds. 
For the quark masses we find 

ml -.ml -.ml ~ : : 1 , (20a) 
ml -.ml -.ml ~ : : 1 , (20b) 
ml -.ml ~ : 1 , (20c) 

where the third equation holds for small tan (3. As one can see, the hierarchy among the up quark 
masses and the ratio mg/mb are correctly reproduced. The down quark mass vanishes at this level 
and is generated by Z2 symmetry non-conserving two-flavon insertions, see Eq. (j37p . The CKM 
matrix is of the form 

/ |cos(^)| |sin(lff)| \ / 0{e') ©(e^) \ 
\Vckm\={ |cos(^)| + 0(e2) 0{e^) 0{e) . (21) 

V 1 y V 0{e) 0{e) 0{e^) ) 

The elements \Vud\-, iKisI; Wcd\ and \Vcs\ are determined by the group theoretical parameter m. 
Since m takes odd integer values between 1 and 13 we arrive at four possible scenarios: If m takes 
the value m = 1 (minimal) or m = 13 (maximal), we arrive at \Vud\ = cos(y^) ~ 0.97493. This 
value is very close to the central one, iKtdlexp = 0-9'''419]'^QgQQ22 ' [^"A- -^o^ the other three elements 
of the CKM matrix, also only determined by m, we then find 

\Vud\ ~ \Vcs\ ~ 0.97493 and |Ks| ~ ~ 0.2225 , (22) 

which should be compared with the experimental values [12] 

IT/ I _ n Q7'^q4+0-00023 IT/ I _ n 99 7+0-0010 it/ 1 _ n 99f;fi+0-0010 ^noN 
I •'cslexp — '-'■'^'"^^^—0.00023 ' I •'uslexp — '-'■■^•^'-"—0.0010 ' I "^cdlexp — '-'•^-^'-"-'—0.0010 ' \^^) 

As the experimental errors are very small, the values predicted for \Vud\-, |^s|) and \Vcs\ 
are not within the error bars given in [12]. However, as we show in Section [5] the terms which 
break the residual Z2 subgroups, change the values of the CKM matrix elements \Vud\-, iKisli 
and I Vcs I by order e so that the results of the model agree with the experimental data. The three 
other possible values for \Vud\ which can arise are cos (^) « 0.78183 for m = 3 and m = 11, 
cos(|^) « 0.43388 if m = 5 or m = 9 and finally \Vud\ vanishes for m = 7. Thus, m has to be 
chosen either minimal or maximal to be in accordance with the experimental observations. The 
other values cannot be considered to be reasonable, since we cannot expect that the corrections 
coming from symmetry breaking terms change the element \Vud\ by more than e ~ 0.04. For this 
reason, we set m = 1 in the following discussion. The CKM matrix elements in the third row and 
column are reproduced with the correct order of magnitude, apart from \ Vub\ which is slightly too 
small, e"^ ~ instead of A^, and from \Vtd\ which is slightly too large, e ~ A^ instead of A^. The 
value of \Vub\ gets enhanced through the inclusion of Z2 symmetry breaking terms. In any case 
by including Z2 symmetry breaking terms it becomes possible to accommodate all experimental 
data, if some of the Yukawa couplings are slightly enhanced or suppressed. Jcp, the measure of CP 
violation in the quark sector [13], is of the order ~ A^ and thus of the correct order of magnitude. 

Finally, we briefly compare the form of the mass matrices A4u and -Md the general results 
we achieved in [2]. According to [2] the most general mass matrix arising from the preservation of 



7 



a Z2 subgroup generated by the element BA"^"-'* for left-handed fields transforming as "1^ +ii and 
right-handed fields as three singlets is given by 

(—-^k Bk Ck \ 

AkQ-'^^'^''/'^ Bke-'''""'/'^ Cfce-''*'^'^/'^ for A; = n,d. (24) 
Dk Ek ) 

The parameters Ak, Bk, C^, Dk and Ek contain Yukawa couplings and VEVs and are in general 
complex. Comparing Eq. (j24p with Eq. (jl3p shows that is of this form with m„ = 0. The 
down quark mass matrix A4^, given in Eq. (jl8p . equals the matrix in Eq. (j24p . if m = and the 
parameters and are set to zero. This happens, since our model only contains a restricted 
number of flavon fields and we do not take into account terms with more than one flavon at this 
level. 



5 Quark Masses and Mixings including Subgroup-Breaking 
Effects 

In this section we include terms which break the residual Z2 symmetries explicitly. These lead 
to corrections of the results shown in Section 01 They are generated by multi-flavon insertions in 
which flavon fields belonging to the set {^^1,2' /ti,2i '^1.2' ^"'i masses to up quarks and flavons 
belonging to {V'l 2;Xi 25^1 2'^"} down quarks. Additionally, non-renormalizable terms in the 
flavon superpotential lead to complex shifts in the flavon VEVs in Eq. (jl2p and Eq. (jl7p . They can 
be parameterized as in Eq. (j50p in Section [6.21 (with m = 1). At the same time, f*^, and x remain 
free parameters. The corrections to the flavon superpotential are discussed in detail in Section [62] 
and Appendix [Bl The analysis given in these sections shows that the generic size of the shifts is 

/VEV\ 

5VEV ~ O ( j VEV ~ e VEV , (25) 



if all VEVs are of the order e A, see Eq. (ll4p and Eq. ()19p . Thus, the VEV shifts inserted in Yukawa 
terms with p flavons contribute at the same level as Yukawa terms containing p + 1 flavons. 

In the up quark sector we find that the (11) and (21) elements receive Z2 symmetry breaking 
corrections through the following operators 

^ [{Qou'Sx^'n + {Qdu^X^'SC)] K + y^ {QDU^esn K + ^^{QD5W'u')hu (26) 

+ -^(goVV)(A^)/i^. + ^ [QDU^xy) K + ^ {Qnu^iP'^fi'') K + ^ {Qnu^x^i"?) K 

+ {Qdu''{x'')\') K + ^{QDn'x''^'')aK + ^ {QDU^iC'^f) ctK + -^(QDV'")(^?'n^)^/i« • 

The notation of, for example, 6x^ indicates that the VEV of the fields Xi2' shifted through the 
non-renormalizable operators correcting the flavon superpotential, is used, when calculating the 
contribution to the up quark mass matrix. Thus, all contributions from the operators in the first 
line of Eq. (j26p arise from the fact that the VEVs become shifted. Note that we omitted the operator 
stemming from the shift of the VEV of r/" , since this field only transforms as singlet under Z)i4 and 
thus does not possess any special vacuum structure. (We also do this in the following equations.) 
The other operators arise from the insertions of three down-type flavon fields. There exist similar 
operators containing three up-type flavons. However, these still preserve the Z2 symmetry present 
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in the up quark sector at lowest order and therefore can be absorbed into the existing couphngs. 
Analogously, we find that the following operators give rise to symmetry breaking contributions 
to the (12) and (22) elements so that also these are no longer equal 

+ ^ (QDC^(x')'e') K + ^(QDC^x"e")cT/i„ + ^ (gDC^(e')') + ■^{QDc''i^V)<TK . 

Again, the operators in the first line are associated to the shifted VEVs. The rest of the operators 
originates from three-fiavon insertions of down- type flavons. The contributions from the analogous 
operators with up-type fiavons can again be absorbed into the existing couplings. The dominant 
contribution to the (13) and (23) element which breaks the residual Z2 symmetry stems from the 
VEV shift of the fields i;l2 

jiQcSi^nt^hu. (28) 

All other contributions up to three flavons are either Z2 symmetry preserving or breaking, but 
subdominant. The (31) element which has to vanish in the symmetry limit is generated through 
the following three-flavon insertions of down-type flavons 

^Qsiv'^W'^K + -^Q3(r/V)(V")2/i„ + ^!q3(^V)(x'')'/i„ + jQ3(r/V)(e")'/i« (29) 

+ ^Q3(^V)(r?'^)2/i„ + ^Q,(u'^^'i^Y)h^ + (n^V"(e")') K ■ 

Note that there are symmetry-conserving couplings, i.e. operators with three up-type flavons, of 
the same order. These, however, vanish, if the vacuum alignment in Eq. (jl2p is applied. They can 
only contribute at the next order, if the VEV shifts are taken into account; however, such effects 
are subdominant. The (32) and (33) element of the up quark mass matrix already exist at the 
lowest order and only receive subdominant contributions from higher-dimensional operators and 
VEV shifts. The up quark mass matrix can thus be cast into the form 

/ (-Q^ + e^) + a^e + \ 

Mu= I a! a^e \ {hu) . (30) 

V P^t^e^ ale yt J 

We note that without loss of generality we can deflne the couplings a" 2 3 and /Jf 2 3 in such a way 
that the corrections stemming from Z2 subgroup breaking terms only appear in the flrst row of Aiu- 
Due to this and due to the absorption of subdominant contributions the couplings af only coincide 
at the leading order with those present in Eq. (jl3ll . This also holds for yt. Again, all couplings are 
in general complex. The matrix in Eq. (l30p is the most general one arising in our model, i.e. all 
contributions from terms including more than three flavons can be absorbed into the couplings af, 
P^ and yt. 

Similarly, we analyze the Z2 symmetry breaking contributions to the down quark mass matrix 
Md- The (11) and (21) element of Md are dominantly generated by Z2 symmetry breaking effects 
from two-flavon insertions involving one down- and one up-type flavon. We find five independent 
operators 

■^{QDd'^''xnhd + -^{QDd'x''C)hd + -^{QDd'^''nhd (31) 
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Since they are symmetry breaking, the (11) and (21) entries are uncorr elated. We note that 
Z2 symmetry preserving contributions can only arise, if operators with more than two flavons 
are considered. However, these are always subdominant compared to the operators in Eq. ()3ip . 
Similar statements apply to the generation of the (13) and (23) element of M.d- The dominant (Z2 
symmetry breaking) contributions stem from the operators 

^(Qd h-ex'')hd + ^(Qd fe'^/D/id + ^(Qd h'^en^d (32) 

+ Y^{QDh'i^''rf)hd + ^(QDr)(r/"6^)/id • 

The (12) and (22) elements which are already present at the lowest order are corrected by Z2 
symmetry breaking terms from the VEV shift of the fields V'l 2 

^ {Qd^-^^) s'hd (33) 
as well as from two-flavon insertions with one up-type and one down-type flavon 

■^{QoX^r) s'hd + ^(Qd^V) s'^hd + ^{Qor) ^s'ha ■ (34) 

The (31) entry, which must vanish in the symmetry limit, is generated dominantly by a single 
operator 

±Q,{^-d^)ahd. (35) 

Similarly to the up quark mass matrix, the (32) and (33) elements of Aid also receive contributions 
from Z2 symmetry breaking effects, which can be absorbed into the leading order term. Eventually, 
the most general form of the down quark mass matrix in our model reads 

Md=[ Plte^ afe-^'/Ue ] {hd) ■ (36) 

The parameters af and Pf have been defined so that Z2 symmetry breaking contributions only 
appear in the (12) element. Note again that all parameters af, f5f and y;, are complex. Also note 
that af and yi) only coincide at leading order with the corresponding parameters in Eq. ()18p due to 
the absorption of subdominant effects. 

Before calculating quark masses and mixings the parameters (3'^, af, yt, Pi, 012 and yi^ in the 
third row of ^Au and Aid are made real by appropriate rephasing of the right-handed quark fields. 
The resulting quark masses are then (for t ~ e) 

ml = 2\al\\K?e^ + O(e^) , = - p^e^f \^ {hd?e^ + 0{e') , (37a) 

^2^2^^^1^^(MV + 0(e5) , ml = 2\af\\hdfe' + 0{e'), (37b) 
ml = yl{Kf + 0{e^) , ml = yl{hd?e^ + 0{e^) . (37c) 

At the subdominant level thus also the correct order of magnitude of the down quark mass is 
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reproduced. The CKM matrix elements are given by 



Kdl =cos(— j +0(e), 114.1 



Vus\ 

Vcb\ 
Vub\ 



sin(^— ) +0(e), \Vcd\ =sm 



e 
e 

71 



Vb 

Pi - Pi 



yt 



Vb 



yt 



(38a) 
(38b) 

+ 0(e2) (38c) 



Vb 



e 

71 



Vtb\ = l + Oie^). 



(38d) 
(38e) 



As one can see, \Vud\, \Vus\, iKdl and |lcs|, which are determined by the group theoretical indices 
of this model, get all corrected by terms of order e, so that they can be in full accordance with 
the experimental values [12]. The elements of the third row and column are still of the same 
order of magnitude in e after the inclusion of Z2 subgroup breaking terms, apart from \Vub\ which 
gets enhanced by 1/e. For this reason, \Vtd\ and \Vub\ are both slightly larger in our model, \Vtd\, 
\Vub\ ~ e ~ A^, than the measured values, which are of order A'^. However, only a moderate tuning 



is necessary in order to also accommodate these values. For the Jarlskog invariant Jqp we find 



Jcp 



'^ytyt 



sm 



2y,Re ((a^)*(/3f - ^1)) - yt (l/^sT " I/^sT)) 



(39) 



Similar to \Vub\ Jcp gets enhanced by 1/e compared to the result in the symmetry limit. Thus, it 
has to be slightly tuned to match the experimental value, ./cp,exp = 

(3.05+°;^^) X 10-^ [12], which 

is around A^. However, already the factor sin (y) /4 0.11 leads to a certain suppression of 
Jcp- 



6 Flavon Super potential 
6.1 Leading Order 

Turning to the discussion of the flavon superpotential wj we add - analogously to, for example, [14] 
- two additional ingredients. First, we introduce a further U{1) symmetry which is an extension 
of i?-parity called U{1)r. Second, a set of so-called driving fields whose F-terms account for the 
vacuum alignment of the flavon fields is added to the model. Quarks transform with charge +1, 
flavon fields, h^^d and 9 are neutral and driving fields have a charge +2 under U{l)p. In this 
way all terms in the superpotential wj are linear in the driving fields, whereas these fields do not 
appear in the superpotential Wg, responsible for the quark masses. Since we expect the flavor 
symmetry to be broken at high energies around the seesaw scale or the scale of grand unification, 
soft supersymmetry breaking effects will not affect the alignment so that considering only the F- 
terms is justified. The driving fields, required in order to construct Wf, can be found in Table [2j 
The flavon superpotential at the renormalizable level consists of two parts 

Wf = Wf^u + Wf^d (40) 

where Wf^^ gives rise to the alignment of the flavons with an index u, and Wf^d to the alignment of 
the flavons coupling mainly to down quarks. We restrict ourselves to the case of spontaneous CP 
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Field 




¥^^2 


^^2 


V'r2 




pr2 


^3 


2l 

1 


23 

1 


25 

1 


2l 


23 

a; 


25 

UJ 



Table 2: Driving fields of the model. The transformation properties of the driving 
fields under the flavor symmetry D14 x Zs . Similar to the flavons none of the driving 
fields is charged under ?7(1)fjv- The flelds indexed with a u (d) drive the VEVs of 
the flavons giving masses dominantly to the up (down) quarks. Note that all these 
fields have a (7(1)_h charge +2. 



violation in the flavon sector by taking all parameters in to be real. Wf^u reads 

+ fuvHxlpT + x'ipf). (41) 

The conditions for the vacuum alignment are given by the F-terms 

dwf^u 



dwf^u 
Off" 
dwf^u 

dwf ^u 
dp'2 



Qu 



M;V'2" + WX2 = 0, (42a) 

M^V'r + &uV'2"xT = 0, (42b) 

aui^^X2 + c^VrCa + = , (42c) 

a.V'i Xi + CnV's + rfnr?"e2 = , (42d) 

e«V'2C2 +/«^"X? = 0, (42e) 

e„^r^? + /„« = 0. (42f) 



If we assume that none of the parameters in the superpotential vanishes and ipf acquires a non-zero 
VEV, we arrive at 



(43) 



i/j „ W ( „ , r. : n ; ttttX , , e„ V Z 4TTimu 



Cufu ± V'^'^udueufu + {cufuY ] and (jf) = — — e 7" (44) 



with 

Oil '^O'u^^u ^ ' Ju W 

as unique solution. The flavon VEVs are aligned and their alignment only depends on the parameter 
rriu which is an even integer between and 12 (see Section [2]). Thus, all vacua conserve a Z2 
subgroup of -D14 generated by the element B A'"" . Since only the difference between niu and 
is relevant for the prediction of the CKM matrix element \Vud\, we set niu = 0, as it has been 
done in Section HJ when we study quark masses and mixings. The size of the flavon VEVs is 
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partly determined by the parameters in wju and partly by the free parameter v^. However, it is 
reasonable to assume that all VEVs are of the same order of magnitude eA, as done in Section H] 
and Section [5j Choosing the parameters in w f^u appropriately, we can make all VEVs in Eq. (j43p 
and Eq. (j44p positive for niu = 0. 

Analogously, the flavon superpotential which drives the vacuum alignment of the fields ipi2^ 
Xi,2> ^1 2) V"^ and a is given by 



+ Cd [Vi^l^V + ^2^1^^') + ddV'' (CiVf - ^2^^") + ed [i'f^fpl'' + ^iiipf) 

+ fdV''{xip\^-xipf)- (45) 

Setting the F-terms of the driving fields V'l 2' ^^^2 p\% t° ^li-d 

dwf,d 



^'^f^ _ ^d^jd , , jd^d 



m%ai:t + bdtPlxi = > (46a) 

mJaV'f + bdi^ixi = , (46b) 

adi^ixi + Cdi^ki + ddV'^^f = , (46c) 

ad^fxf + Cd^ki - ddTi^ii = , (46d) 



dwf^d 
9wf,d 

^ = ed^l^iii + fdv\i = ^, (46e) 

^ = ed^ki-fdr,\i = ^. (46f) 

These equations lead to the same VEV structure as shown in Eq. (j43p . if we assume that again 
none of the parameters in the flavon superpotential vanishes and the two fields tpf and a get a 
non- vanishing VEV. Thus, (^'1,2)5 (Xi,2) and {if ^2) have the same form as {ipi^2)^ (Xi,2) and (^"2) 
with obvious replacements {u", U)", z"} {v'^, w'^, z'^}, ruu — > mrid and being an odd integer, w'^ 
and z'^ are given by 

^ and / = 7-^ [cdfd ± \^^adddedfd + {cdfdf] (47) 

Od ^ddCd V / 

and the VEVs of the two singlets a and r]'^ read 

(a) = X and (rj'^) = -e— r e ~ . (48) 

Jd 

Similar to the parameter f" the VEVs of and o", v'^ and x, are undetermined, so that not all 
flavon VEVs have to be of similar size. Note further that the two possible signs appearing in 
Eq. (j44p and Eq. (j47p are uncorrelated. We can choose the parameters such that v'^, w'^^ z'^ and x 
are positive. The parameter rud is an odd integer in the range {!,..., 13}. Similar to rriu being even, 
nid is required to be odd by the transformation property of the flavon 7]'^ under -D14. Especially, 
is different from so that we preserve different Z2 subgroups in both sectors. As a consequence, 
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the derived mixing angle is non-trivial. However, we cannot uniquely fix the parameter ma and 
thus the mixing angle by the vacuum alignment deduced from Wf. As discussed in Section HI we are 
left with a small number (four) of different possible values for \ Vud\- Due to the different subgroups 
preserved in up and down quark sector D14 is eventually completely broken in the whole theory. 
As we set already to zero, we omit the index of the parameter from now on also in the 
discussion of the superpotential. 

We end with a few remarks about the VEVs of the driving fields, the absence of a /i-term 
and the mass spectrum of the gauge singlets transforming under -D14. The VEVs of the driving 
fields are determined by the F-terms of the flavon fields. If we plug in the solutions for the 
VEVs of the flavons found in Eq. ()43p . Eq. (|44p and Eq. (|47p and take into account the constraints 
that none of the parameters in Wf should vanish and also not the parameters v'^, and x, we 
arrive at the result that the VEVs of all driving fields have to vanish at the minimum unless the 
parameters of the potential fulfill a specific relation. The term ^huhd is forbidden by the U{1)r 
symmetry. It cannot be generated through terms including one driving field, hu and and an 
appropriate number of flavon fields (to make it invariant under the symmetry L'14 x Z3), since 
the driving fields cannot acquire non-vanishing VEVs. Thus, the /i-term has to originate from 
another mechanism, see also [14]. In the spectrum of the flavon and driving fields we find massless 
modes in the supersymmetric limit. These are expected to become massive, if soft supersymmetry 
breaking masses are included into the potential. Possible flat directions present in the potential 
in the supersymmetric limit are also expected to be lifted through soft supersymmetry breaking 
terms. 

6.2 Corrections to the Leading Order 

In the flavon superpotential, terms containing three flavons and one driving field lead to corrections 
of the vacuum alignment achieved through the superpotential Wf, i.e. they induce (small) shifts in 
the VEVs of the flavons. Such terms are suppressed by the cutoff scale A. Due to the symmetry 
two types of three-flavon combinations can couple to a driving field with an index u, namely either 
all three flavons also carry an index u or all three of them belong to the set {V^i 2' Xi 2' 2' '^1- 
If the driving field has an index d, two of the three flavons have to be down-type flavons, while the 
third one necessarily has to carry an index u. These corrections to the flavon superpotential can 
be written as 

/\wf = Awf^u + Awf^d (49) 

where the terms of Awj „ (Awf^d) are responsible for the shifts in the VEVs of the flavons uncharged 
(charged) under the Z3 symmetry. The exact form of the terms is given in Appendix [Bj We choose 
the following convention for the shifts of the VEVs 

{i:i)=v'' + 5v\ {xi) = 
(ef)=e-^(z'^ + 5zf) 
while 

(^«)=t,«, (^^d-^=yd^-^ {a)=x (51) 

remain as free parameters. As can be read off from the equations given in Appendix[B]f", v"^ and 
X are also not fixed by the corrections to the superpotential. We do not fix the parameter m in 



w- + 6wr, {C) = z- + dzr, = + (50) 

Ju W 

, id) = {z'^ + Szi) and (,^) = e"^ (^^^ + ^v') , 
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Eq. (j50p . although we showed in Section U] that only m = 1 and m = 13 lead to a phenomenologically 
viable model. This is done, because the complexity of the calculation of the shifts does not depend 
on the actual value of m. (m still has to be an odd integer.) One finds that also the inclusion of 
the corrections to the flavon superpotential does not fix the value of m. The detailed calculations 
given in Appendix |B] show that the generic size of the shifts is 



for all VEVs being of the order eA. The shifts are expected to be in general complex, without 
having a particular phase. 

7 Summary and Outlook 

We presented an extension of the MSSM in which the value of the CKM matrix element \Vud\ or 
equivalently the Cabibbo angle 9c is fixed by group theoretical quantities of the flavor symmetry 
Di4, up to the choice among four different possible values. The determination of \Vud\ originates 
from the fact that residual Z2 symmetries of -D14 exist in the up and down quark sector. We have 
shown that these can be maintained by the vacuum alignment resulting from a properly constructed 
flavon superpotential. Furthermore, it is ensured through the choice of flavon representations that 
the Z2 symmetries of the up and down quark sector do not coincide so that the quark mixing cannot 
be trivial. It turns out that the vacua of Z2 symmetries generated by BA*" with m being either 
even or odd are degenerate so that we arrive at the mentioned four possible values for \Vud\- Out of 
these only one is phenomenologically viable, namely \Vud\ = cos{fg) ~ 0.97493. The CKM matrix 
elements \Vus\, \Vcd\ and \Vcs\ are as well predicted to be \Vus\ ~ {Vcdl ~ 0.2225 and \Vcs\ \Vud\ ~ 
0.97493. For the other elements we flnd the following orders of magnitude in e ~ (including Z2 
subgroup breaking effects): \Vcb\, \Vts\, |Kfe|, \Vtd\ ~ e f» and \Vtb\ = 1 + 0{e^) = 1 + 0{X^). 
Thus, \Vtd\ and \Vub\ turn out to be slightly too large. The same is true for Jcp which is of the 
order of ~ A^ instead of A^. However, it only requires a moderate tuning of the parameters of the 
model to accommodate the experimentally measured values. All quark masses are appropriately 
reproduced. The large top quark mass results from the fact that the top quark is the only fermion 
acquiring a mass at the renormalizable level. Since the bottom quark mass stems from an operator 
involving one flavon, the correct ratio mb/mt ~ e is produced without large tan/3. The hierarchy 
niu ■ rric : m-t ~ : : 1 in the up quark sector is accommodated in the Z2 subgroup conserving 
limit. Thereby, the suppression of the up quark mass is (partly) due to the non- vanishing FN charge 
of the right-handed up quark. The correct order of magnitude of the strange quark mass can as 
well be achieved through the FN mechanism. The down quark mass which vanishes at the lowest 
order is generated by operators with two-flavon insertions. Also its correct size is guaranteed by 
the FN mechanism. The main problem which cannot be solved in this model is the fact that the 
parameter m(^) - and therefore also \Vud\ - is not uniquely flxed, but can take a certain number of 
different values. We presume that a new type of mechanism for the vacuum alignment is necessary 
which also flxes the (absolute) phase of the VEVs of the flavons so that the parameter m(^) is 
determined. One possibility might arise in models with extra dimensions. For a recent discussion 
of the breaking of a flavor symmetry with extra dimensions see [15]. 

As a next step, it is interesting to discuss the extension of our model to the leptonic sector. In 
the literature models with the dihedral flavor group D3 (= S3) [16] or D4 [17] can found which also 
use the fact that different subgroups of the flavor symmetry are conserved in the charged lepton 
and neutrino (Dirac and right-handed Major ana neutrino) sector to predict the leptonic mixing 




VEV ~ e 



VEV 



(52) 
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angle ^23 to be maximal and ^13 to be zero. These models are non-supersymmetric and contain 
Higgs doublets transforming non-trivially under the flavor group in their original form. However, 
recently variants of [17] have been discussed whose framework is the MSSM and in which only 
gauge singlets break the flavor group spontaneously at high energies [18]. A possibility to combine 
such a variant with the model presented here by using a (possibly larger) dihedral group is worth 
studying. 

As has been discussed in [2], the assignment 2 + 1 for the left-handed and 1 + 1 + i for the 
right-handed fields is not the only possible one in order to predict one element of the mixing matrix 
in terms of group theoretical quantities only. Alternatively, we can consider a model in which both, 
left- and right-handed fields, are assigned to 2 + 1^. Such an assignment usually emerges when we 
consider grand unified theories (GUTs), e.g. in SU{5) where the left- and right-handed up quarks 
both reside in the representation 10. |j However, the following problem might occur: the product 
2x2 contains an invariant of the dihedral group, if left- and right-handed fields transform as the 
same doublet. The group theoretical reason is the fact that all two-dimensional representations 
of dihedral groups are real. The existence of the invariant leads to a degenerate mass spectrum 
among the first two generations, e.g. in an SU{5) GUT to the prediction that up quark and charm 
quark mass are degenerate. One possibility to circumvent this difficulty might be to resort to a 
double-valued dihedral group. Such a group additionally possesses pseudo-real (two-dimensional) 
representations. One of their properties is that the product of a representation with itself contains 
the invariant/trivial representation 1^ in its anti-symmetric part. In an SU{5) model one can then 
use the fact that the contribution of a Higgs field in the GUT representation 5 to the up quark 
mass matrix leads to a symmetric mass matrix, in order to avoid the invariant coupling. However, 
it is still not obvious whether the mass hierarchy among the up quarks can be generated (through 
the FN mechanism) without tuning the parameters. Even in non-unified models in which the 
two-dimensional representations under which left- and right-handed fields transform do not have 
to be equivalent, it might not be obvious that the fermion mass hierarchy can be appropriately 
accommodated (with an additional FN symmetry). 

Finally, further interesting aspects to analyze are the anomaly conditions holding for the flavor 
symmetry D14 which in general lead to additional constraints [19] as well as the origin of such a 
flavor symmetry, see for instance [20]. 
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The case in which all three generations transform as singlets is not very appealing, since the up quark sector 
would be merely determined by an abelian flavor symmetry rather than a non-abelian one. 
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A Kronecker Products and Clebsch Gordan Coefficients 



Here we list the explicit form of the Kronecker products as well as the Clebsch Gordan coefficients. 
More general results for dihedral groups with an arbitrary index n can be found in [2, 11]. 

A.l Kronecker Products 

The products 1| x Ij are 

li X li = ll , ll X li = li for i = 1, 4 , 12 X I3 = I4 , 12x14 = 13 and I3 x I4 = I2 . 
For Ij X 2j we find 

—1,2 X 2 j = 2 j and 13^4 x 2j = 2ij_^ for all j . 

The products of 2j x 2j decompose into 

[2i X 2i] = ll + 2j and {2i x 2;} = I2 

where the index j equals j = 2i for i < 3 and j = 14 — 2i holds for i > 4. [z/ x z/] denotes thereby 
the symmetric part of the product v x v, while {v x v} is the anti-symmetric one. For the mixed 
products 2j X 2j with i 7^ j two structures are possible either 

2ix2j = 2k + 2i 

with k = |i — j| and 1 being i + j for i + j < 6 and 14 — (i + j) for i + j > 8. For i + j = 7 we find 
instead 

2iX2j=l3+l4 + 2k 

where k is again |i — j|. 

A. 2 Clebsch Gordan Coefficients 
For Si ^ Ij and (ai, 02)^ ^ 2j we find 



5102 / V --5202 / \ 5301 J ' J \ -5401 J ' J 

The Clebsch Gordan coefficients of the product of (01,02)-^, (61,62)-^ ~ 2j read 

ai62 + a25i~li, aife2-a26i~l2, ^^^^ ) - 2j or ( ^J^J ) ~ 2j 

depending on whether j = 2i as it is for i < 3 or j = 14 — 2i which holds if i > 4. For the two 
doublets (ai, 02)^ ^ 2j and (61, 62)^ ~ 2j we find for i + j 7^ 7 

If i + j = 7 holds the covariants read 

ai6i + 0262 ~ I3 , ai6i — 0262 ~ I4 , ^ ^^^^ ^ ~ 2jj. or ^ ^^^^ ^ ~ 2 j^. . 

Again, the first case is relevant for k = i — j, while the second form for k = j — i. 
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B Corrections to the Flavon Superpotential 

In this appendix we discuss the form of the VEV shifts induced by the corrections of the flavon 
superpotential. These corrections can be written as 

Aw/ = Awf^u + Awf^d ■ 



We can parameterize the shifted VEVs as shown in Eq. (j50p . v'^, and x remain unchanged, since 
they are free parameters. As mentioned, since the complexity of the calculation is not increased, 
if m is not fixed, it is kept as parameter in the VEVs. For the actual calculation of the shifts we 
choose a plus sign in and z'^ in front of the square root, see Eq. (j44p and Eq. (|47p . The corrections 
to the flavon superpotential, which induce shifts in the VEVs of the fields with an index u, are 
given by 

^ / 16 11 12 \ 

\A:=1 k=l k=l ) 



The invariants read 



i^'"" = ^ Wxii^i"" + ^2x?V'2°") = (V'l V'^" + V'lV'?") 

i^'"" = W^l"" + V'f V'?") {xixi) = rf - x^C2>2°") (^^) 
= (V'f ^2°" + ^2'V'?") {iii^) i^c = ( (ef ) ' ^^2°" - (^2") ' i^r] 



jR. 



For /^'" we find 



it = ( W) ' + M ' it = ( ixi) " -ixi)" 



it = [Wf + it = < ((xT)' + (x!)' vt) 
it = (v-f x^CiV^" + V'2^x?c2vr) 



and for /J'" 



(55) 



it = ^ W^ipT + i^iiip'f') it = (xfef V'fp"" + xi^ii^fpl"") 

it = ^v" (xf P?" - x^P^") it = {xtCi^^pT + x!e2>rpr) 

It = (w)tr - {i^i)tr) It = ({cf)tfpr + mtipr' 

it = ^" [wf pT" + p^") it = (i^if ^ipI"" + V'sV^"'^ ^^^^ 

/s"^'" = hi ixi) ' pT + ^2 ixi) ' P?" ) /n'" = {xi^iPr - xi^ipT) 

it = 1^1 ixif pT + ^2 ixif Pi") it = (x!erpi" + xTC2>2") ■ 
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The shifts in the VEVs of the set of fields { V'l 2 > Xi 2 > 2 > ^'^ > ^^1 

originate from non-renormalizable 

terms which are of the form 




The invariants L ' are the following 



14 16 \ 

k=l k=l / 



(57) 



-'1 — 


0-2 (-01 V'"'^ + V'2 V'l'^) 


jR,d 
-'12 


= (V'lV'"'' - V'2V'l'^) J?"'?'^ 


jR,d 
-'2 — 




jR,d 
-'13 


= (^]'V2°' + V'2>n (^'')' 

= (^rxfe2^V'?' + V'^xfef ^^'') 


jR,d 
-'3 — 




jR,d 
-'14 


j-R,d 
-'4 — 


(«)'V'^V2°'+(V'2')'W?') 


jR,d 
-'15 




jR4 
^5 — 


(V^fV'""' + V2 V'?'') (V'l ^^2) 


jR,d 
-'16 


= (xT?i>?''-x^e2%°'') 
= ^?' (xferv'?''-x^e2>2'') 


jR,d 
-'6 — 


(V'f V'2°'xf x! + i'li^'/xixf) 


jR,d 
-'17 


jR,d 
-'7 — 


«V'2°'x^x5' + V'2>fxfx!) 
(V'rV'2°'' + V'2>H (xfx^) 


jR,d 
-'18 


jR,d 
-'8 — 


jR,d 
-'19 


jR,d 
-'9 — 




jR,d 
-'20 


= (cfcf V'2°' - e2^e2"^?'') 


jR,d 
-'10 — 


Wi^fiii^ + ^2'V'?'efe2") 


jR,d 
-'21 


= 7?"((ef)'v2°' + (C2')'V'?'') 


jR,d 
-'11 — 


(^rV'2°'' + V'2>H (efe^) • 





(58) 



The second set reads 



'1 

'2 

3 



4 -a«e2M'+V'2^erv'^') 

jS,d 



T d 

and finally L ' are given by 



Wx^2ii^f + i^ixt^i^V) 
ifo = Wxl^M" + V'2'xf e2>i') 

((xf)'V'2>^' + (x^)'^M 

(xfx^'V'^v'^'' + X2x!V'f v'l'') 
v"" (xfxM'-x^x!'^^') 

(x^)Vr 



-'9 



jS,d 
'11 

'12 

TS,d 
13 
5,d 



Od 



(59) 



jT,d 
-"l — 




-'9 — 


(x^ef^fp2'' + x!efV'f/^?') 


-'2 — 


a (V'fcr/o^' + V'2'e2>?') 


-'10 — 


(xfer^2'/>2'' + x^C2"V'f 


-'3 — 




jT,d 
-"ll — 


(xfefV'2>2'' + X^ClV-l/'l') 

((^f)'V'M' + fe')'V'2V^' 


jT,d 
-'4 — 




-'12 — 


jT,d 
-'5 — 


(^^d^UpOd _ ^d^UpOd-^ 


jT,d 
-'13 — 




jT,d 
-'6 — 


r?«(«)%?'^+(^2')%2'') 


jT,d 


(x^ef /o?' - x^cIp"') 


-'7 — 


(V'S^ (xf)%^'' + V'2"(x^)%i'') 


jT,d 
-'15 — 


(x^erp?' - xfe2V2') 


jT,d 
-'8 — 


«xYxfp^' + V'2'x!x^pf) 


jT,d 
-'I6 — 


v'^ixi^tpf + xi^ipf) ■ 



(60) 



To actually calculate the shifts of the VEVs we take the parameterization given in Eq. (j50p and plug 
this into the i^-terms arising from the corrected superpotential. We then linearize the equations 
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in (5VEV and 1 /A and can derive the following for the shifts of the fiavons with index u from the 
F-terms of the driving fields V'?^, ^1% Pi% 



" KfdW^ 



(61) 



Id 



fdW 



'3 - '9 



r4" + rro' " 



+ r^^ie-^vVz'^ + r^'nv^w^z" S> = 



Uu {v''dw2 + lu^^v") + CuV'^Sz2 + duZ 

+ e^..V[4-.^(;|^^^ 
e^s^''(^^'^)2 + slv^iw'^f] = 



-A' 



■Kim ^ ^ 

+ - <je~Sia;f;V 



(63) 



+ 



u „u ^d 



fd 



auV^'Sw'i + Cu iv''5z'l + z"(5z;") + 



6r] 



1 ( 27vim 



-A 



u^„,d.,,d 



+ — i e 7 StXV w 



(64) 



2iTim J . 

+ e 7 xu^z" 



^2 ~ •S3 



+ sle-'^iy'^f + (t;«)=^ + v^w^z'^e-'^ [si - s^^-^ 

V Jd 



+ v^w'^z'' ( - s^i^ ) + s^e-^i;'^(u;'^)2 + s^v^^iw^f \ = 



nd i HK^^ ) 



1 



Jd 



(65) 



Tram j 

qe 7 (^;'^)3 



ed 



67, 







1 



(66) 
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Note that we replaced the mass parameter by the VEV w^. Analogously, we replace the 
dimensionless coupling with the VEV w'^. We also frequently use the fact that m is an odd 
integer in order to simplify the phase factors appearing in the formulae. 

Similarly, we can deduce another set of equations from the F-terms of the driving fields V'1'2' 

^1*2 which TIG*:! +ri +ln*:> olni-ft-G in A/TT.A/g nf fVi*:! flcnmnG -i/i^ _ -v^ _ ti*^ ptiH rr 

(67) 



e 7 rg + e 7 r"o — e 7 



+ rf6e-^^;Vz«| = 



'z" J> = 



2vrim J _27rim j / 6^^^^ \ 



rl rl n t •^'"^ W Trim j\ 

+ v'^w'^w'' ( e 7 rg + e 7 ry 1 



rl ,1 rl '^^^ 



-Kim 



(68) 



d , d ^2i2i / edGuZ'^z^ \ d -Sim f ^d.z'^ ^ 



^ 27rzm. Trim j ^ 27rim ^ 



+ r^v'^iw'^f + ■u'^z'^z" e — + e~r?o - e — ^rfg-f - e~r2o 
L Jd V 

/_ _?/, \ "I r / 



JdW'J 

\fdWd) 



+ v'^w'^z'^ 



rf^e 7 -rfge 7 



rl ^1 rl iirim 



^15 



-.1 

JdW^ 



'17 



■z" ^ = 



e 7 



+ sixv'^ 



^ Trim 



J 27rim 27rim ,7 / C71 

sSe— - e — 



JuW^ 



-^j..!^.,, . ... ^ (69) 



- si,e 7 .«(^'^)2 



= 



27rim 

e 7 



Odi^'^cJiyf + Cd (v'^Szf + zV^ - ddz'^ 5zl + Sv'^^ + J [sfe-'^xv^'w'^ 

r / _ -.7A \ "I r / _ ..d \ 



+ sie'^xv'^w'^ + xv^z"^ 



J 2tv im 2 Trim j / 



+ xv'^z'^ 



d , „d ^ / 2^ 



J 2-Kim JO J _7rim rl rl rl n rl _3TVvm 

+ SyC 7 (v'^Yv'' + Sge 7 v'^w'^z'^ + v'^w^z'^e 7 



'4-si,f^+s%v'w'z- + sf,e-'^ 



(70) 



= 
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e 7 



J Trim 



w" 



euWd \ .d 212221 d d I ^dW" 



+ 



fuWi 



fdW 



e'^xv^'z'^ + tixv'^z^ 

d 



A 



(71) 



27rim / C7/ Z 



j.d j.d 
Ig — ii4 



fdW 



+ tiovVz'' + w'^z'^v'^ 



fuW^ 



J Trim I CuZ 



Id 



ed 



3'irim 

e 7 



ed ( v^dzf - ^Swl ) - fdw'^Sv" 



w 



+ 



e 7 xv^z"' + toe 7 xv^z^ 



(72) 



— vie 7 XV z 

luWu 



(^) + [*ie^ - <g (i^) 



~T~v"'w"'w"' + w^z'^v"'e 7 



J Trim J J , 



Trim / €-}iZ 



ttne — —v^iz'^f + z'^z'^v'^e— ( t'^, + 



^2 



■13 "T '-15 







One can infer the generic size of the shifts of the VEVs from these equations. In the case of no 
accidental cancellation among the various terms present here we expect all of them to be of the 
order VEV^/A which is eVEV « e^A for all VEVs being of the order eA with e « fa 0.04. 
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